LIE ALGEBRA OPERATOR VESSELS 



E. SHAMOVICH AND V. VINNIKOV 



Abstract. Let q be a finite dimensional real Lie algebra. We study 
t— ( non-selfadjoint representations of g. To this end we define a Lie al- 

gebra operator vessel and a linear overd etermine d system on an 
associated simply connected Lie group, (5. We develop the fre- 
quency domain theory of the system in terms of representations 
/"■s of 0. Lastly we apply the theory to the Lie algebra of the ax + b 

group, the group of affine transformations of the line. 
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Introduction 

The study of spectra of non-selfadjoint operators using system- 
theoretic methods originated in the work of M. S. Livsic and M. S. 
Brodskii, [ ] . Their idea was to study a system associated to a single 
non-selfadjoint operator, A, and using frequency domain analysis as- 
sociate to the operator an operator valued function of a complex vari- 
able, holomorphic away from the spectrum of A. Using the theory of 
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decomposition for such functions theyVe managed to derive various 
results. For example the fact that a quasi-nilpotent dissipative com- 
pletely non-selfadjoint operator with a finite dimensional imaginary 
part, acting on a separable Hilbert space, is unitarily equivalent to a 
Voltera-type operator. This was first proved by M. S. Livsic in [21] in 
the case of one-dimensional imaginary part, see also the discussion 
preceding Theorem 16 in [8]. 

Later M. S. Livsic, J. A. Ball, N. Kravitski and the second author 
generalized those methods and studied joint spectra of several com- 
muting operators, cf [4], [23], [30] and [28]. In [30] and [29] the 
second author constructed triangular models for pairs of commuting 
operators with finite dimensional imaginary parts, effectively solving 
the inverse problem for vessels of two commuting operators. Similar 
problems in the time-dependent case were considered by D. Alpay A. 
Melnikov and the second author in [ ] and [25]. 

The generalizations to the non-commutative case came in the works 
of H. Gauchman, cf [13], [14] and [ ]. Gauchman considered a 
general setting of connections on Hilbert bundies on smooth mani- 
fold and Lie groups. 

In this paper we will present a more specific construction of vessels 
associated to a given Lie algebra and their associated overdetermined 
left invariant systems on simply connected Lie groups. We proceed 
to formulate necessary and sufficiënt input and output compatibility 
conditions for the systems and tie them to continuous cohomology of 
the Lie group and cohomology of the Lie algebra. 

In the second section we develop the frequency domain analysis us- 
ing representation theory of Lie groups. We construct the frequency 
domain input and output compatibility conditions and a joint charac- 
teristic function mapping the admissible inputs to admissible outputs. 
We then show that the existence of this function is connected to the 
Taylor joint spectrum of the given representation of the Lie algebra 
and a certain Koszul cochain complex. 

The third section contains a detailed example of the simple case of 
the Lie algebra of the ax + &-group, the group of all affine transfor- 
mations of the real line. We show that given the external data the 
vessel is defined uniquely by the joint characteristic function, pro- 
vided certain minimality assumptions hold. The last theorem is an 
application of the methods developed in the paper for representa- 
tions of the ax + b group. Given two operators A\ and A 2 on a Hilbert 
space H, such that A 2 is completely non-selfadjoint with finite dimen- 
sional imaginary part. Assume that (A 1 — A\)T-i c (A 2 — A* 2 )T-i and 
[A ly A 2 ] = A 2 . Then dimU < oo. 
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The first author thanks Eitan Sayag for fruitful conversations re- 
garding various aspects of representation theory. 

1. Lie Algebra Operator Vessels 

1.1. Definitions and Basic Results. In this section we will introducé 
the main objects of study of this paper, namely the Lie algebra op- 
erator vessels and their associated systems of differential equations. 
Vessels were defined for two time-dependent operators in [ , Sec. 
2.2] and as second-order connection colligation [ , Def. 3.1] and in 
particular [14, Ex. 3.5]. 

A few notations are in order. Let H and S be two Hilbert spaces, 
we will denote by C(H,S) the space of all bounded linear operators 
from % to E. For simplicity we will denote C(H, H) by C(H). 

We will denote Lie groups and their Lie algebras by capital and 
lowercase German letters, respectively. We fix g, a finite dimensional 
Lie algebra over IR, and <3, a simply connected Lie group associated 
with g. 

Definition 1.1.1. A (quasi hermitian) g-operator vessel is a collec- 
tion: 

(1.1) ^=(n,S,p,^,a,j,^). 

Here % and £ are Hilbert spaces, $ e £(%,£), and p: g — > £(%), 
a: g — > £(£) and 7,7* : /\ 2 {g) — y are nnear mappings such that 
the following hold: 

• -p is a representation of g, i.e., for all X, Y e g 

i 

(1-2) - i [p(X),p(Y)]=p([X,Y}). 

• For all X eg, a(X)* = a(X), and for all X, Y e g, 

(1.3) ^(XAY)-j(XAY)* = 7*(X AY)- 7 *(X AF)* =ia([X,Y]). 

• The colligation condition: for all X e g 

(1.4) - ( P (x) - P (xy) = $v(x)$. 

• The input vessel condition: for all X, Y e g 

(1.5) a(X)$p(Y)* - a(Y)$p(X)* = 7 (X A Y)&. 

• The output vessel condition: for all X, Y e g 



(1.6) <r(X)$p{Y) - a(Y)$p(X) = 7 *(X A 
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• The linkage condition: for all X, Y e 

(1.7) 7*(X AF) - 7 (X A Y) = i (a(X)$$*a(Y) - <t(Y)$$*<t(X)) . 

Alternatively, let X%, . . . , Xi be a basis of g and let cïï be the corre- 
sponding structure constants: 

[x k ,Xj] = y^c^-x m . 

m 

Setting A fe = p(X fc ), a fc = <x(X fc ), 7 fci = j(X k AXj), 7*^ = 7*(X fc AX i ), 
we obtain the various vessel conditions in the basis dependent form: 

(1.8) ±[A k ,A j ]= 1 £<%A m , 

m 

(1-9) 7 (7jfc - Tjfc) = J (7* ifc - 7*jfc) = Yl c 7k a m, 

V V 

m 

(1.10) i (A fc - A*) = $V fc $, 

(1.11) C7 fc $A* - (T^A* = 7 fci $, 

(1.12) o-fc^. - tTj-SAfc = 7* fc ^, 

(1.13) ^ kj - lkj = % (a k ^*aj - a^*a k ) . 

Example 1.1.2. Let g = R' and <3 = IR' then in particular the Lie 
bracket on g is trivial. Hence if we consider the vessel conditions as 
described above we obtain that the structure constants are cjy = 0. If 
we plug that into (1.8)-(1.9), we get: 

[A k , Aj] = 

Ijk = l) k 
* 

l*jk — 7*jfc 

Which is exactly the fact that all of the A k commute with each other 
and that jj k and %j k are self-adjoint. Thus we obtain that our condi- 
tions are exactly conditions [30, (1-31) - (1.34)]. 

Example 1.1.3. Let g be the Lie algebra of the group of affine trans- 
formations of the real line. It is the only (up to isomorphism) non- 
commutative Lie algebra of dimension two. The algebra g can be 
identified with the Lie subalgebra of gl 2 : 

b = {( o o ) --P^ eR }- 

We can choose a basis, {X x , X 2 }, for g, such that [X x , X 2 ] = X 2 . Let 
Aj = p{Xj), aj = a(Xj), 7 = - 1 {X 1 A X 2 ) and 7, = ^{X t A X 2 ). Then 
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the (1.8) and (1.9) conditions are: 

[A X ,A 2 \ = iA 2 , 

7 - 7* = 7* - 7* = *^2- 

Example 1.1.4. Let g be the Heisenberg Lie algebra, i.e., the Lie alge- 
bra of the Heisenberg group, H n . Then dimg = 2n + 1 and we can 
choose a basis {Xi, . . . , X„, Yi,...Y n , Z}, for g, such that: 

[X j ,X k ] = [Y j ,Y k ] = 0, l<j,k<n, 
[ X ^] = { 0? else^ ' 

The condition on p is clear from those commutation relations. Fur- 
thermore we get that the values of 7 and 7* on all of the vectors of 
the associated basis for the exterior product are self adjoint, except 

for 7(X fc A Y k ) and 7*(X fc A Y k ), for 1 < k < n. For them we have: 

7 (X fc A Y k ) - 7 (X fc A Y k )* = ^{X k A Y k ) - 7 *(X fc A Y k )* = ia(Z). 

Definition 1.1.5. A Lie algebra operator vessel is called strict if: 

• <$>U = £ 

• flx 60 ker ( T(X)=O 

Definition 1.1.6. Given two g-operator vessels with the same exter- 
nal data, QJj = {Ui,£, Pi, $1, er, 7, 7*) and 2J 2 = (H 2 , £, P2, $2, <r, 7, 7*), 
we say that 03 x is unitarily equivalent to 2J 2 , if there exists an isomet- 
ric isomorphism U: Hi — > H 2 , such that: 

u Pl u- 1 = p 2 
<§> 2 U = $1 

Definition 1.1.7. Given two g-operator vessels QJi = (H,Si,p, $1,0-1,71,7*1) 
and 2J 2 = ("H, £2, P, $2, 02, 72, 7*2), with the same p, we say that QJ X is 
input/output equivalent to Q3 2 if there exists an isomorphism T : E\ — > 
S 2 , such that: 

o-i = TV 2 T, 
7i = ^*72^, 
7i* = T*1*2T, 

$ 2 = $iT. 

The following proposition provides us with a constructive way of 
embedding a representation of a Lie algebra in a Lie algebra operator 
vessel. 
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Proposition 1.1.8. Given a representation p: q — > £(H) of q, we de- 
fine: 

cr(X) = - ï (p(X)-p(Xy)\e, 

7 (X A F) = l (p(X)p(YY - p(Y)p(X)* - ip([X, Y])*) \ s , 
7 ,(X A F) = - (p(Y)*p(X) - p{Xy P {Y) + ip([X, Y})) \ £ . 

Then the collection 2J = ("H, £, p, $, a, 7, 7*) is a strict Lie algebra oper- 
ator vessel. 

Proof. Obviously a and 7 are linear mapping from q and A 2 q, respec- 
tively, into £(£)• Now we must prove the vessel conditions. Quite 
clearly a is self-adjoint. Now the colligation condition follows imme- 
diately from the definitions and (1.3) follows from the fact that: 

7 (X AF) — 7 (X A Y)* = (p([X, Y}) - p([X, Y])*)\ £ 
7 *(X AF) — 7*(X A F)* = (p([X, F]) - p([X, Y])*)\ e 

The input/output compatibility conditions follow easily as well, for 
example in the input case: 

a(X)$p(F)* - a(F)$p(X)* = 

-(p(x) - P (xy)p(Yy - -( P (F) - p(Yy) P (xy = 
\{ P {x)p{Yy - P (xy P (Yy - P (Y) P (xy + P (Yy P (xy) = 
h P (x)p(Yy - p(Y) P (xy) + (h P (x), P (Y)}y = 

V v 

\(p(X)p(Yy - P (Y)p(Xy - ip([X, F])*) = 7 (X A F)$ 

For the first equality we note that $* is simply the embedding of £ in 
U. 
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As for the linkage condition we compute: 

^{x ay)- j(x ay) = l{p{yy P {x) - P (xy P (Y)+ 

+ ip([X, Y)) - p(X)p(Y)* + p(Y)p(Xy + ip([X, Y])*) = 
]( P (Y)*p(X) - p(Xy P (Y) + p{X)p{Y) - p(Y)p(X)- 

- p(x)p(Yy + P (Y)p(xy - P (Yy P (xy + P (xy P (Yy) 

Collecting terms inside the brackets we obtain: 

7 *(X AY)- 7 (X AY) = -(p(X) - p(Xy)(p(Y) - p(Y)*)- 

% 

- -(p(Y) - p(Yy)(p(X) - p(Xy) = i(a(X)Wa(Y)- 
% 

- a(Y)<S>$*a(X)) 

To that the above vessel is strict we note that $ is surjective by defini- 
tion. Furthermore note that Xlxeg cr (^)^ = £■ If e G f) Xes ker a(X), 
then for every ƒ e S and legwe have that: 

= (a(X)e,f) = (e,a(X)f) 

Hence e is orthogonal to all of £ and therefore e = 0. □ 

Remark 1.1.9. As one can see the input/ output space of the above 
construction is the non-hermitian subspace of the representation. 

The following proposition shows that the above construction is the 
unique construction of a strict vessel for a given representation of 
q up to input/output equivalence. Similar result has been proved 
in [23, Prop. 8.1.1] in the case of strict colligations on Banach spaces. 

Proposition 1.1.10. LetQJ = (H, £ , p, $, a, 7, 7*) be a strict vessel, then 
there exists an isomorphism of £ with the non-hermitian subspace of 
the representation, such that QJ is input/output equivalent to the vessel 
constructed above. 

Proof. Let £' be the non-hermitian space of p. If ƒ 6 (§*£) ± , we get 
that for every leg and gH, we have: 

((p(X) - p(Xy)f,g) = i{$*a{X)<S>f,g) = 0. 

Hence in particular ƒ e £' ± . We conclude that ker $ = (^*£) ± C £ ,± . 
Therefore $ is injective when restricted to £'. 

Let ƒ e £ f± , then for every X e q, ƒ e ker(p(X) - p(X)*). To see it 
note that for every g e H, we have: 

= (ƒ, (p(X) - p(Xy)g) = -((p(X) - p(X)*)f, g). 
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Hence ƒ e rixegker$*cr(X)<ï>. Now since the vessel is strict $* is 
injective and Cixeg ker a(X) = 0. Therefore ƒ e ker$. We conclude 
that ker $ = E' L . Hence the restriction of <£> to E' is surjective. 

We have proved that T = $>\ £ < is an isomorphism. Let <j'(X) = 
\(p(X) — p{X)*)\s', then by the vessel conditions we have T*oT = o' . 
Consider the input vessel condition, (1.5), restricted to E' and apply 
T* to it to get: 

T* 7 (X A Y)T = (T*a(X)<$>p(Y)* - T*a{Y)^p{X)*)\ £l = 

= )((p(x) - p(xt)p(yt - ( P (Y) - p{Yy) P {xT)\ £ , = 
= ){p{x) P {Yy - p(Y) P (xy - i P ([x, Y\y)\ £ , 

Here in the last equality we used (1.2). Note that this is precisely the 
definition of 7' in the proposition above. Using (1.6) one derives the 
same result for 7* and we are done. □ 

Remark 1.1.11. One can see from the proof that ker$ C E' always. 
Hence if the image of $ is closed (which is the case, for example, 
when dim£ < 00), then one can write E = E° © E^ , where £t = 
and E° = ker<£>*. Hence in this case the vessel is an extension of a 
strict vessel. 

1.2. Associated System. Similarly to [4], a Lie algebra operator ves- 
sel corresponds to a left invariant linear system on the Lie group (5. 

Definition 1.2.1. The associated system of the Lie algebra operator 
vessel 1.1.1 is the following system of differential equations on (5: 

iXx + p(X)x = $*a(X)u, 
(1.14) \J V ' 

y = u — t<Px. 

Here x : (5 — > W is the state, u : <3 — > E is the input, and y : (3 — > E is 
the output, and X and Y are left invariant vector fields on <3 (identi- 
fied with elements of g). In terms of a corresponding basis Xi,...,Xi 
for left invariant vector fields, the system equations become: 

iX k (x) + A k x = $*a k u, k = l,...,l, 
y = u — tQx. 

Example 1.2.2. Consider the commutative /-dimensional Lie algebra 

d d 

of Example 1.1.2. Since $j is spanned by the vector fields — — , . . . , — — , 

0x1 oxi 



we get the system of equations: 

Q ƒ 

i- h iA k f = §*a k u 

dx k 

y = u — ï$ ƒ 

Example 1.2.3. Let (5, be the group of affine (orientation preserving) 
transformations of the real line. The group can be identified with a 
subgroup of GL 2 via: 



a b 
1 



: a G 



6e 



The Lie algebra of this group is the Lie algebra described in Example 

d d 

1.3.6. The left invariant vector fields are X x = a— and X 2 = a—. 

da do 
We will use the same notations as in Example 1.1.3 to write the 

system equations: 

dx 

ia—ia, b) + A\x(a, b) = Q*aiu(a, b), 
oa 

dx 

ia— ia, b) + A 2 x(a, b) = ^*a 2 u(a, b), 
ob 

y(a, b) = u(a, b) — i$x(a, b). 

Here u, x and y are appropriately-valued smooth functions 

Example 1.2.4. If 05 = H n , the Heisenberg group of dimension 2n + 
1, it is simply connected and its Lie algebra has been described in 
Example 1.1.4. In what follows j will run over the positive integers 
up to n. 

The group H n can be identified with the group of matrices of the 
form: 

(\ pi ... p n r\ 
1 ... qi 




V0 








1 Qn 

1/ 



Then the left-invariant vector fields are: X~ 



d 



and Z 



d 



_d_ 
dp 3 



2° 3 



dr 



d_ 

dqj dr dr 

the coordinates as (p,q,r), where p, q e M. n and r e 
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For functions on the group we will write 

The system 



equaüons are: 

dx dx 
ig^-(p,q,r) -iqj-7^{p,q,r) + p(Xj)x(p,q,r) = ^*a(Xj)u(p,q,r), 

dx dx 
i-ö^-(p,q,r) - ipj—(p,q,r) + p(Y j )x(p,q,r) = ^*a(Yj)u(p,q,r), 

dx 

* g^(P> 9, r ) + p(Z)x(p, q, r) = $*a(Z)u(p, q, r), 
y(p, q, r) = u(p, q, r) — i$u(p, q, r). 

For every representation of a Lie algebra on a Hilbert space we have 
also the contragredient representation on the same Hilbert space, 
given by p*(X) = —p(X)*. Thus we are led to define the adjoint 
of a vessel (see [ , Sec. 1.3] and [ , Ch. 3.3] for the commutative 
case). 

Definition 1.2.5. For a vessel: 

%}=(H,£,p,$,a,j, 1 *). 
we define the adjoint veseel as: 

9T = p*,-$,-<7, -7*,-7)- 

We show next that 2J* is in fact a vessel. First we note that by the 
vessel conditions, there exists a representation, r, of g on %, such that 
p = ir. Taking the adjoint on both sides, we see that p* = i(—r*). It 
remains to note that — r* is the so-called contra-gradient representa- 
tion of t. This implies that lp* is a representation as desired. 

The colligation condition follows immediately from the colligation 
condition for QJ. Similarly the input and output vessel conditions 
follow from the definition. The linkage condition is immediate as 
well since we interchanged 7 and 7* and added a minus sign. 

Therefore 03* is indeed a vessel. This vessel is called the adjoint 
vessel. Furthermore note that QJ** = QJ, simply by construction. 

The left-invariant conservative linear system associated to 2J* has 
the form: 

iXx + p(X)*x = $*a(X)ü, 
(1.16) _ _ K J 

y = u + i<Px. 

We call this system the adjoint system of 23. 

The following proposition shows that the adjoint system is the orig- 
inal system with the input and output interchanged. 
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Proposition 1.2.6. Let (u,x,y) be a trajectory for the system (1.14) 
associated to 23. Then (y, x,u) is a trajectory for the adjoint system 

(1.16) . 

Proof. We compute: 

$*<r(X)y = <£>V(X)(u - i$x) = iXx + p{X)x - i<$>*a{X)<$>x = 
= iXx + p(X)x - (p(X) - p(X)*)x = iXx + p(X)*x. 

Furthermore, using again the fact that y = u — i$x we obtain that 
u = y + i$x. Hence (y,x,u) is in fact a trajectory for the adjoint 
system. □ 

The system (1.14) is conservative. To compute the energy conser- 
vation law of the system we need the following lemma. 

Lemma 1.2.7. Let (ui,Xi,yx) and (u 2 ,x 2 ,y 2 ) be trajectories of the sys- 
tem. Consider the smooth function ƒ: (5 — >■ C, defined by f(g) = 
(xi{g),x 2 {g))%. Then for an arbitrary X e g, we have: 

Xf(g) = (*{X) Ul {g),u 2 {g)} s - (a(X) yi (g),y 2 (g)) £ . 

Proof. We consider the trajectory (y 2 , x 2 , u 2 ) as a trajectory of the ad- 
joint system and compute: 

Xf(g) = X(x l {g),x 2 {g))n = (Xx^g)^^)^ + (x 1 {g),Xx 2 {g))n = 
= -i(^a(X) Ul (g) - p(X)x 1 (g),x 2 (g)) H + 
+ i{ Xl (jg), $*a(X)y 2 (g) - p{X)*x 2 {g)) H = 
= (i<$>xi{g),a(X)y 2 (g)) £ + (a(X) Ul (g),i^x 2 (g)) e = 
= (M9) -yi(g),v(X)y 2 (g)) e + ((T(X)ux(g),u 2 (g) -y 2 {g))e = 
= (a{X)u 1 {g) 1 u 2 {g)) e - {a(X)y 1 (g),y 2 (g)} £ . 

□ 

Hence we conclude that the system trajectories satisfy the following 
energy conservation law: 

Corollary 1.2.8. Let [u, x, y) be a trajectory of the system (1.14), then, 
for every X e gwe have: 

(1.17) X(x,x) = (a(X)u,u) - (a{X)y,y). 
In the basis-dependent form we have: 

(1.18) X k (x,x) = (cr k u,u) - (cr k y,y), k = l,...,L 
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1.3. Compatibility Equations. Following the lines of [ ] and [23] 
we note that the system is overdetermined. Therefore the input of the 
system has to satisfy some compatibility conditions for the equations 
to have a solution. 

Proposition 1.3.1. The system equations (1.14) are compatible for a 
simply connected Lie group (5 if and only if the input signal u satisfies 

(1.19) $* (cr(Y)Xu - a(X)Yu + iy(X A Y)u) = 

for all left invariant vector fields X, Y on (5; the corresponding output 
signal y then satisfies 

(1.20) $* (v(Y)Xy - a{X)Yy + z 7 *(X A Y)y) = 0. 
In the basis-dependent form we have: 

(1.21) $* (a k XjU - (TjXkU + ij jk ) u = 0, j,k = l,...,l, 

(1.22) $* ((TkXjy - <7jX k y + iy* jk ) y = 0, j,k = l,...,l. 

Proof. We prove the "only if " part first. Assume the system equations 
(1.14) are compatible, then we piek u, x and y solutions for the sys- 
tem and consider the following set of equations: 

(1.23) &<t(X)Yu = iYXx + p(X)Yx 

(1.24) $*a(Y)Xu = iXYx + p(Y)Xx 

(1.25) a([X, Y]) = -( 7 (X AF) - 7 (X A Y)*) 

The equation (1.23) comes form applying Y to the first system equa- 
tion for X and (1.24) comes form applying X to the first system equa- 
tion for Y. The last equation is simply (1.3). Now we subtract (1.23) 
from (1.24) and obtain: 

(1.26) <ï>*(a(Y)X - a(X)Y)u = i[X, Y]x + (p(Y)X - p(X)Y)x 
We now consider the first system equation for [X, Y] : 

$V([X, Y\)u = i[X, Y\x + p([X, Y\)x 
We plug in (1.25) and obtain: 

(1.27) - ï$*( 7 (X AF) — 7 (X A Y)*)u = i[X, Y]x - i\p(X), p(Y)]x 

Now we subtract (1.27) from (1.26) and get: 

$*(a(Y)X - a(X)Y + i 7 (X A Y))u = z$* 7 (X A Y)*u+ 
(L28) + (p(Y)X - p{X)Y + i[p{X), p(Y)])x 
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Adjoining the input vessel equation and using the fact that a(X) is 
self-adjoint for every leg and applying it to u, we get: 

$* 7 (X A Y)*u = (p(F)$V(X) - p(X)<ï>*a(Y))u = 

(1.29) p(Y)(iXx + p{X)x) - p{X)(iYx + p(Y)x) = 

ip(Y)Xx - ip(X)Yx - [p(X), p(Y)}x 

Now plugging (1.29) back into (1.28) we get: 

$*(<r(F)X - <t{X)Y + z 7 (X A Y))u = -p(Y)Xx+ 

p(X)Yx - i[p{X),p{Y)]x + +{p{Y)X - p{X)Y + i\p(X), p(Y)])x = 

Hence the non-strict input compatibility condition holds. We now 
show that the non-strict input compatibility condition implies the 
non-strict output compatibility condition. Consider the non-strict out- 
put compatibility condition (1.20). We substitute the second of the 
system equations (1.14) we obtain: 

$* (o(Y)X(u - i<$>x) - a(X)Y(u - i$x) + ij*(X A Y)(u - i$x)) = 

$* (o(Y)Xu - o(X)Yu + z 7 *(X A Y)u) - 

- i$* (a(Y)X<£>x - a(X)Y$x + i^(X A F)$x) 

Now we plug (1.6) into the second term and using the first system 
equation we obtain: 

- i$* (a(Y)X$x - a(X)Y<&x + ia{X)$p(Y)x - ia(Y)$p(X)x) = 
= (a(Y)^(Xx - ip(X)x) - a{X)<$?(Yx - ip(Y)x)) = 

= -<£>* (a(Y)^(iXx + p(X)x) - o(X)$(iYx + p(Y)x)) = 
= -<£>* (cr(Y)m*a(X)u - cr(X)<$><$>*cr(Y)u) = 
= -z$* ( 7 *(X AF) - 7 (X A Y)u) 

The last equality is obtained via the linkage condition. Plugging it 
back into our original equation we get: 

$* (a(Y)X(u - i$x) - a(X)Y(u - i$x) + ij*(X A Y)(u - i$x)) = 

$* (a(Y)Xu - a(X)Yu + z 7 *(X A Y)u) - 

- ( T *(X AF) — 7 (X A Y)u) = 

$* (a(Y)Xu - a(X)Yu + z 7 (X A Y)u) = 

Since we have assumed that the non-strict input compatibility condi- 
tion is satisfied. 

Now for the "if" part. Let u G C°°(<5, £) be a function satisfying the 
non-strict input/output compatibility conditions and we must show 
that the system (1.14) is compatible. 
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Note that the mapping — ip: g — > £(H) is a Lie algebra homo- 
morphism. Hence applying [ ][Thm. III. 1] and the fact that (5 is 
simply connected, we obtain that there exists unique homomorphism 
E: <3 -» C{H) such that d e E = -ip. Note that in fact E(expX) = 
exp(—ip(X)) , where on the left hand side one has the exponential 
mapping exp : g — > and on the right hand side it is the usual ex- 
ponent of bounded operators on a Hilbert space. By [ , Thm. 3.14] 
every X e g is _E-related to — ip{X), hence: 

(XE)(g) = -iE(g)p(X) 

We define the following 'H-valued 1-form: 

{u u ){X) g = E{g)<S>*a(X)u{g). 

We prove now that uj u is a closed form. To do this we note that: 

(dtu v )(X,Y) =Xu u (Y) -Yu u (X) -u u ([X,Y\). 

Now let us compute: 

(Xu u (Y)) g = X g {E)<S>*a{Y)u{g) + E{g)&a(Y)X g (u) = 
= -iE{g)p{X)&<j{Y)u{g) + E{g)<$>*a{Y)X g {u). 

On the other hand for the commutator we have: 

cü u ([X,Y]) g = E(g)^*a([X,Y])u(g) = 

= -EtgW^X AF) - 7 (X A Y)*)u(g) = 
% 

= -E(g)§*j(X A Y)u(g) — 
i 

- ^E{g)(p(Y)^a(X) - p(X)<S>*a{Y))u(g). 

Now plug the above result into the formula for the differential of u u 
and get: 

(du u )(X,Y) 9 = E(g)(<S>*a(Y)X g (u) - <ï>*a(X)Y g (u) + 

+ *$* 7 (X A Y)u(g)) - iE(g)p(X)^*a(Y)u(g)+ 
+ iE{g)p{Y)<S>*a{X)u{g) - iE{g){p{Y)&a{X)- 
-p(X)$*a(Y))u(g) = 0. 

The last equality follows from the assumption that u is an admissible 
input. 

Since (5 is simply connected its first deRham cohomology group is 
trivial. Thus there exists a function ƒ : (3 — > %, such that df = oo u . 
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We define another smooth function F: <S -» C(H) by F(g) = 
E(g^ 1 ). Let us compute the differential of this function: 

X g F = j t {E{{geMtX))~ l ))\ t =, = ip{X)F{g). 

Now we look at the smooth function x: — > %, x(e) — h G Ti 
defined by: 

x(g) = F(g)(h + if(e)-if(g)). 
Plug the function x into the system and we obtain: 

i(Xx)(g) + p(X)x(g) = i(XF)(g)(h + if(e) - if(g)) + F(g)(Xf)(g)+ 
+ p(X)x(g) = -p(X)F(g)(h + if(e) - if(g))+ 
+ &a(X)u{g) + p(X)x(g) = <S>*a(X)u(g). 

Hence the system is compatible. □ 

Remark 1.3.2. The above formula is the non-commutative analogue 
of the variation of parameter formula described in [4] . 

Remark 1.3.3. Note that the input and output compatibility condi- 
tions for the adjoint vessel are interchanged. 

Remark 1.3.4. The strict input/output compatibility conditions are: 

(1.30) a(Y)Xu-a(X)Yu + tj(X AY)u =0, 

(1.31) a(Y)Xy - a(X)Yy + i^(X AY)y =0, 
or in the basis-dependent form: 

(1.32) a k XjU - ajX k u + ij jk u = 0, j,k = l,...,l, 

(1.33) (JkXjy - (TjX k y + i^ jk y = 0, j, k = 1, . . . , /. 

If an input u satisfies the strict input compatibility conditions, then 
the output y satisfies the strict output compatibility conditions. 

In case of strict vessels the strict and non-strict compatibility con- 
ditions coincide. 

Example 1.3.5. In case q = W 1 and thus (5 = IR n , we get the compati- 
bility conditions described in [ ] and [23] : 

d d \ , , 

ak dr J -^w k + ^ k ) M(t) = - 

Example 1.3.6. Let <3 be the ax + b group, then using the notations of 
Examples 1.1.3 and 1.2.3, we get the compatibility equation: 
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Example 1.3.7. Let (5 = H n , then using the notations of Examples 
1.1.4 and 1.2.4, we get the following system of equations ( 1 < j, K < 

n ): 

d d 1 d \ 

or(X fe )— - — + ^MXj) - q j( j{X k ))— + i^Xj A X k )J u(p, q, r) = 0, 

d d 1 (9 \ 

<9 d 1 (9 \ 

cr(X fe )- - ct(Z)— + 2?^)^ + A X ^) u & 9' r ) = °> 
<Y k )- - a{Z)— - ^PMZ)- + i^Z A Y k )j u(p, q,r) = 0. 

In fact system compatibility is a cohomological property. One can 
prove the above proposition in the following fashion. 

Another Proof of Proposition 1.3.1: As we have seen above we can 
exponentiate the action p = —ipoigonH, to an action E of <3 on H. 

Consider the module C°°(<8, U). We know [ , Thm. 44.1] that 
C°°{<Ö,H) = C°°(<S)®U (here the tensor product is the completed 
projective tensor product). The isomorphism is given by sending a 
basic tensor ƒ <g>u to the function f(h)v. The action of <3 on C°°(Ö5, "H) 
is given by (g ■ f)(h) = E(g)f(g- 1 h). 

The infinitesimal Lie algebra action on C°°(Ö5) is the action by 
derivations. Hence the action of the Lie algebra g on C°° is 
given by: 

X(f ®v) = (Xf) ® u + ƒ <g> p(J*>. 

Now fix an admissible input w e C°°(G5,£). We define a map 
$*ct(-)m: g — >• C°°(0)(2)^. Since w is an admissible input we have: 

d($*a(-)u)(X,Y) = X($V(Y)u) - Y ($*a(X)u) - (&*a([X,Y])u) = 
= $*cr(Y)Xu + p{X)$*a{Y)u - $*<r(X)Yu+ 
+ p(Y)^*a(X)u - $* 7 (X A Y)u + $* 7 (X A Y)*u. 

Now as above, applying the vessel conditions and the fact that u is 
admissible, tells us that d{Q>*a{-)u) = 0. Hence this map is a 1-cocycle 
in f/^C 00 ®^). 

Note that H is an integrable (5 -module (cf [18]), since the map 
J: C™(<5,H) — > H is simply given by J(f) = j @ fdfi®, where p® is 
the Haar measure on <3 and the integral is the Bochner integral. 
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Since (S is simply connected we know from [19, Thm. 1] that: 

H^crm) = Hi ont {&,c°°m). 

However by [18, Lem. 5.2] or [6, Lem. 5.2] we know that C°°(S)H 
is a continuously injective Ö5-module. Hence H l (g, 0°°®%) = 0. This 
implies that $*ct(-)m is a coboundary and thus there exists an element 
x e C 00 ®'H, such that dx = &*a(-)u. Writing it out we get: 

Xx-ip(X)x = $*a(X)u. 

In other words the system equations are compatible. □ 

1.4. Principal Subspace. Next we show that the classical character- 
istic functions carry crucial information about our operator vessel. 
First a few general definitions. 

Definition 1.4.1. Let g be a Lie algebra and U(g), the universal en- 
veloping algebra of g c . Then p extends to a representation of U(g) 
on H. The principal space of a g-vessel is defined as a subspace of H 
given as the linear closed envelope: 

V= \/ P(T)$*£ 

The principal subspace for a Lie algebra colligation was defined 
in [31]. 

Remark 1.4.2. By the Poincare-Birkhoff-Witt theorem U(g) is gener- 
ated by monomials X^X^ 2 ■ ■ ■ X^ n , where the Xj form a basis for g. 
Hence in fact: 

V= \J X^---X^^*£. 

(fci,...,fc„)eN" 

Remark 1.4.3. By definition we have for every leg: 

p(X)V C V 

Now we prove the following lemma that shows that this case is not 
far from the commutative colligation case: 

Proposition 1.4.4. Let V* = \/ T&u{s) p(T)*$*£. Then V* coincides 
with V. 

Proof. Let us show that V* is invariant under p(X), for every X e g. 
Then since $*£ CV*, we get that V CV*. To see this note that by 
the colligation condition, (1.4), we have: 

p(X) = p(X)* + i<$>*a(X)$. 
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Hence for every v e V*: 

p(X)v = p(X)*v + i$*a(X)<ï>v. 

Note that $*<r(X)$v e $*£ and therefore p(X)v e V*. 

By symmetry of the argument we get that V = V* . □ 

We now look at the subspace of H orthogonal to V, namely V ± . 
We note that for every x e V ± , we have that < x, $*£ >= 0, and 
therefore < >= 0, which implies that <£>x = 0. In particular 

from (1.10) follows that on V 1 A\ and A 2 are self-adjoint. 

Definition 1.4.5. Given a g-vessel 9J, we will call irreducible if 
U = V. 

The following proposition sheds additional light on the structure of 
the principal subspace: 

Proposition 1.4.6. Assume that a(X) is invertible for some X e g. 
ThenV = Vr= P( x ) fc$ *£- 

Proof. Denote by V x = Vr=o p(X) k $*£. Clearly V x Q V and by 
definition <£>*£ C Vx- Hence it suffices to show that Vx is invariant 
under p(Y), for all Y e g. We show that in factp(Y>(X) fc $*£ C V x 
by induction on k. 

Take the adjoint of the input vessel condition, (1.5), to get: 

p{Y)$*a{X) = p(X)$*cr(Y) + $* 7 (X A Y)*. 

Since a{X) is invertible we get that: 

p{Y)<$>*E C p(X)<$>*£ + <$>*£ C V x - 

Now we compute: 

p(Y)p(X) k $*£ = p(X)p(Y)p(X) k - l$*£ + p([X, Y])p(X) k - 1$*£. 

By induction we deduce that: 

p(Y)p(X) k ^*£ C p(X)V x + V X = Vx- 

□ 

Corollary 1.4.7. Combining Proposition 1.4.4 and 1.4.6 we get that if 
a(X) is invertible for some X, then: 



v = \J p(xy k $*£. 



k=0 
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Recall that an operator colligation is a collection (A, a), 
with A a bounded operator on %, o a bounded operator on £ and 
$ a bounded operator from H to £ . We require that the colligation 
condition holds, namely: 

A - A* = 

The characteristic function of an operator colligation is a complex 
operator-valued function, defined by: 

S( z ) =I e - i$* (A - zI H y x $tr. 

A colligation is called minimal if the operator A is completely non- 
selfadjoint, H = \f^ =Q A k ^*£. A minimal colligation is defined up to 
unitary equivalence by the characteristic function ( [ , Thm. 4.2]). 
See [8] for the case when dim£ < oo and [20] for the general case. 
Now we are ready to prove the main theorem of this section: 

Theorem 1.4.8. Let 03 = (H v ,£, p v , $, cr, 7, 7*) and 

IX = (H u , £,Pu, 7,7*) be two irreducible g-vessels with the same 
external data. Assume furthermore that a(X) is invertible for some 

X G q. Ifthe characteristic functions of p v (X) and p u (X) coincide, then 
03 is unitarily equivalent to il. 

Proof. By Proposition 1.4.6 and the assumption that the vessels are 
irreducible, we get that: 

00 00 
H v = \/ Pv {X) k ^£ and H U =\J Pu {X)H*£. 

k=0 k=0 

By [8] we get that there exists an isometry U : H v — > H u , such that 
p u (X) = U Pv (X)U- 1 and $ = W. 

Next note that for every Y e g, by the input vessel condition (1.5) 
we get: 

p v (Y)$*a(X) = p v (X)<S>*a(Y) + $* 7 (X A Y)* . 

Using the isometry U, we get: 

Pv (Y)U~H*a(X) = p v (X)U-H*a{Y) + U'^^X A Y)* . 

Premultiplying the equation by U gives us: 

U Pv (Y)U- l ^*a(X) = p u {X)**(j{Y) + #* 7 (X A Y). 

Now applying the input vessel condition on il, we get: 

Up v {Y)U-^*a{X) = p u (Y)V*a(X). 

Recall that a(X) is invertible, therefore: 

Up v (Y)U~ 1 ^f* = p u (Y)fy*. 
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Now note that since \p u is a representation we get that if w e 
then: 

p«(y)p u (A> = Pu (x) Pu (r) w + z Pu ([y, x])™ = 

= Pu (x)u Pv (Y)u- x w + tU Pv ([Y, x\)u- l w = 

= U Pv {Y)U- l Pu {X)w. 

This implies that U p v (Y)U^ 1 and p u (Y) agree on the space p u (X)^f*£. 
Proceeding by induction we get that Up v (Y)U^ 1 and p u (Y) agree on 
pfö*£ for every k > 0. Since the closed linear envelope of those 
spaces is all of H u , we deduce that Up v (Y)U^ 1 = p u (Y), for every 
re s . ' □ 

Remark 1.4.9. It has been proved in [31] that a Lie algebra colligation 
is determined by the complete characteristic function of the colliga- 
tion. 



2. Frequency Domain Analysis 

2.1. Representations and the Frequency Domain. Recall that fre- 
quency domain theory in [4], [23] and [ ] begins with looking at 
particular system trajectories: 

u(t) = e iXt u , 
x(t) = e iXt x , 
y(t) = e iM y . 

Here A = (Ai, . . . , A^) and t = (t 1; ...,t{). In this case we deal with 
commutative Lie group, their irreducible unitary representation are 
exactly ir\(t) = e lXt . This analogy leads us to consider representations 
of 0. 

Let be a Hilbert space and n: (5 — > C{H W ) be a strongly contin- 
uous representation of (5 on H w . 

A vector £ e H n is called smooth it the map = n(x)^ is a 
smooth map on (5 with values in H n . It turns out that all smooth 
vectors form a 7r-invariant subspace of H n . We shall denote the space 
of smooth vectors by H %j00 . By a result of Garding the space 1-L Vt00 
is dense in H^. Furthermore "H^oo can be identified with a closed 
subspace of C°° {<5 and thus can be endowed with a topology 
finer than the one induced from H w , that turns H Wi0 o into a Frechet 
space. The representation tx restricts to a continuous representation 
of (5 on H^oo- This representation is smooth since the smooth vectors 
of the restricted representation are all of H n)00 . 
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The Lie algebra, g, of (S admits a representation on "H^oo, via: 

The representation 7r on H w ,oo is continuous. For every £ G "H^ i00 and 
X G we compute X£: 

= -|(xexp(^))| t=0 = j t n(x)n(ex P (tX))\ t=0 ^ = 

Since H^oo is a Frechet space, its strong dual, H' w ^ i.e. the space of 
continuous linear functionals endowed with the topology of uniform 
convergence on bounded sets, is a complete DF-space ( [ , Thm. 
IV.3.1] and [ , Thm. 34.2]). We denote by H^-oo the space of dis- 
tribution vectors, i.e. the continuous anti-linear functionals on H^,™- 
This space is canonically isomorphic to H' w ^ and thus is also a com- 
plete DF-space. Furthermore by [ , Prop 4.4.1.9], the contragredi- 
ent representation of tt is well defined on all of W^-vo and is smooth. 
Therefore the Lie algebra, g, admits a representation on H n ,-oo that 
we shall also denote by n. Similar computation as above shows that: 

(Xi)(x) = n(X)i(x) 

for all f G H^-oo. 

Let us fix some topological vector space V and a continuous era- 
bedding of V into Hn^oo, such that the image of V is dense in H Wi00 
and invariant under the actions of <5 and g. Therefore the anti-linear 
dual of V, V*, contains the 'K 1 ,_ OQ . We identify V with a subspace of 
H n ,oo an d thus of C°°(G5, H n ), yet keep in mind its finer topology. 

Let us fix some completed topological tensor product and denote 
it by cg>. The following computations do not depend on the tensor 
product chosen. In general it will be either inductive or projective 
completed tensor product. In many cases in practice, these notions 
coincide. 

We will consider trajectories of the form: 

u (#) = {^{9) ® ^) u o, 
x (#) = (X#) ® Ih)*o, 
y(g) = (n(g) ® I e )y Q . 



Here u ,y G V*®£ and x G V*®H. 
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Plugging those trajectories into the system equations we get: 

(z7r(X) <g> + Iy. g p(X))x = (7 V * g $V(X))u , 
y = u - i(I v » g $)x . 

Then the frequency domain input/ output strict compatibility condi- 
tions become: 

(vr(X) g o-(y) - vr(F) g cx(X) + i/y g t(X A F)) u = 0, 
U ' 2) (tt(X) g a(F) - tt(F) <g) <r(X) + z/y g 7* (X A F)) y = 0. 

Hence (similarly to the commutative case, see [4]) we are led to de- 
fine the opera tor-valued functions: 

U(tt, X, F) = tt(X) g (j(y) - tt(F) g <j(X) + z/y g 7 (X A F), 

Z7*(tt, X, F) = vr(X) O a{Y) - tt(F) g <r(X) + z'Iy g 7*(X A F). 

We define for each representation tx the spaces: 

(2.3) 

£(tt) = {ue V*g£ : (7 V * g $*)C/(tt, X, F)u = 0, VX, F G fl} , 
(2.4) 

£*(vr) = {ye V*g£: (iy* g $*)f/,(7r,X,F)y = 0, VX, F G }. 

2.2. Characteristic Function. We begin this section with a definition 
of characteristic functions. 

Note that if u solves the frequency domain input compatibility 
conditions, then applying the same arguments as in the proof of 
Proposition 1.3.1 we get that y solves the output compatibility con- 
ditions. 

Definition 2.2.1. Fix a representation tx of 05. Assume that for ev- 
ery u G S(tt), there exists a unique x G V*g"H and thus a unique 
yo G V*g£, that solves (2.1); y G £*(n). Then we define the joint 
characteristic function: 

S(tt): £(tt) -> £*(tt) 
u ^ yo- 

We say that the joint characteristic function is defined at tx. 

Next we will discuss two cases in which the joint characteristic 
function is defined at tx. 

Assume that we can choose an X G g such that itx(X) g 7 W + J v * g 
p(X) is invertible. Then we have a solution to the first equation of 
(2.1) in the following form: 

X = (iTx(X) ®I H + Iy* g P(X))" 1 (ly* g $V(X)) U 
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Substituting it into the second equation we get: 



y = (iy ®h-i (Iv* ® $) x 

x (in(X) ®I n + Iv ® PpQ) -1 (V ® $V(X)))u . 

This computation leads us to define the complete characteristic func- 
tion of the vessel: 

W(tt, X) = I v * (g) 7 £ - % (7 V . ® $) x 
(2 ' 5) x (ïtt(X) ® 7 W + 7 V * tg) p(X))" 1 (7 V , ® $V(X)) . 

Note that W maps a pair consisting of a representation of <3 and an 
element of $j to an operator on V*®£. 

Assume that there exists an J £ g, such that in(X)®I- H +I v * <g>p(X) 
is invertible. If the restriction of W(tt,X) to £(ir) is independent of 
the choice of X in the following sense: there exists x G V*®H, such 
that for every Y G g (whether the resolvent is invertible or not) we 
have: 

(in(X) ®I H + I v * <g> p(X)) x = (7 V * ® $V(X)) u 

for all u G 5(7r). Furthermore we assume that the function:on £(ir) 
given by multiplication by the following operator: 

(7 V , ® $) (i7r(X) ® 7 W + 7 V * ® p (X))- 1 (7 V , ® $V(X)) 

is independent of the choice of X, such that the resolvent exists. 

Then we set S(ir, X) = W((ir, X)\ £ ^, which is independent of the 
choice of X, such that the resolvent exists. We will show later that it 
indeed maps £(n) to £*(ir) and thus in fact the characteristic function 
is defined at n and S(n) = S(ir, X). 

Next we study some properties of the joint characteristic function 
in terms of the cohomology of the Lie algebra jj. First we need a 
technical lemma. 

Lemma 2.2.2. We have the following identities for every X, Y G $j: 
(2.6) $* 7 (X A Y) = p(Y)<£>*a(X) - p(X)<S>*a(Y) + i$V([X, Y]). 

Furthermore: 

(I v *®<S>*)U(ir,X,Y) = 
=i (m(Y) ®I H + Iv* ® p(Y)) (7 V , ® $V(X)) - 
(2 ' 7) -i (in(X) ®I n + 7 V , ® p(X)) (7 V . ® $ V(y)) - 
-7 V * ® $V([X,F]) 
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Proof. To prove the first assertion we take the adjoint of (1.5) and 
get: 

(2.8) $* 7 (X A Y)* = p(Y)<$>*a(X) - p(X)$*a(Y). 

Next we apply <fi* to (1.3) and get: 

$* 7 (X AF) — <£>* 7 (X A Y)* = i&*a([X, Y}). 

Now we plug in (2.8) to obtain the first assertion. 

Now to prove the second assertion, we write out explicitly the left 
hand side of (2.7): 

LHS = vr(X) ® $V(y) - tt(Y) ® $V(X) + il v * £g> $* 7 (X A F). 
Now we apply (2.6) proved above to get: 

LHS = tt(X) <g> $V(r) - tt(F) <g> $V(X)+ 

+ il v . (8) p(F)$V(X) - il v * ® p(X)<S>*a(Y)- 
-Iv ®$V([X, F]). 
Collecting the terms we get the desired equality. □ 
Now recall that M f = V*®T-i is a jj-module via the action: 
X-(i®h) = ix{X)i ®h-i£® p{X)h. 

This action extends uniquely to an action of g c , the complexification 
of g, on M n . Furthermore the linear map o can be extended uniquely 
to 0c- We shall abuse notations and denote the extension by o as 
well. 

Consider the function / U() (X) = I v *®(§*a(X))u , for u G H nt<x ®>£- 
This is a map from g c to M n and thus a 1-cochain of the Lie algebra 
gc with coefficients in M w . Next we note that by Lemma 2.2.2, we 
have that: 

d(f U0 )(x,Y) = (/ v . ® x,y)u . 

Therefore u G £(7r) if and only if / Uo is a 1-cocycle. 

Let us assume that H°(gc,M n ) = ff^SciK) = 0. Then for each 
u G S(tï) there exists a unique x G M„-, such that (dx )(X) = 
/ U0 (X), for every X G 0c- L et us expand this expression: 

(tt(X) ® ƒ« - z7 v . <8> p(X))x = 7 V * ® $V(X)u . 

This implies that there exists a unique solution, 4x , to the system 
equations. Hence we have a linear map that maps £(n) onto a sub- 
space of M^.. Using the second system equation we can assign to each 
element u G £ an element of y G V*<t>£ via: 

y = u - (ly* ® $)x - 
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Just as in Proposition 1.3.1 we have that: 

(I v .®&)U*(Tr,X,Y)y o = 0. 

So we have in fact a linear map taking elements of £{ji) to elements 
of £*{ji). Now if there exists X e g such that in(X) + Iy* ® p(X) 
is invertible, then S(tt,X) is precisely this linear map. Furthermore it 
is independent of the choice of X that makes in(X) + iy* ® p(X) 
invertible. 

Hence we have proved the following theorem: 

Theorem 2.2.3. IfH ($, Af ff ) = H 1 ^, M w ) = 0, then the joint charac- 
teristic function is defined at n. Furthermore, if there exists leg, such 
that iir(X) ® I H + I v * (g> p(X) is invertible, this map coincides with the 
joint characteristic function, S(tv,X), ofthevessel. In that case S(tt,X) 
is independent of the choice of X. 

Corollary 2.2 .4. Following J. L. Taylor ( [ ]) we say that tx belongs 
to the resolvent set of p if the Koszul cochain complex is exact for the 
module M n . the above theorem shows that if n is in the resolvent set for 
p then the joint characteristic function is defined at tt. 

The questions that remains open is what are the cases in which the 
exactness of the cochain Koszul complex implies that there exists an 
X e 0, such that ir(X) <g> I + \p{X) is invertible? 

In general it is false. So next we will return to our original Lie 
algebra and consider the case when there is such an X e q that is 
also ad-nilpotent and show that the joint characteristic function still 
maps £(ir) to £*(ir). 

We consider the general case of a Lie algebra module. 

Proposition 2.2.5. Let M be a g-module, via some representation v. 
Assume that there exists an ad-nilpotent element leg, such that v{X) 
is invertible. Then H°(q,M) = H 1 (q,M) = 0. 

Proof. First note that if m G M is such that dm = it implies that 
v(X)m = 0, but since v(X) is invertible we get that m = 0. Hence 
H°(q,M) = 0. Anotherwaytosee this fact is by noting that H°(q,M) = 
M B , i.e. all elements annihilated by the Lie algebra action. Since u{X) 
is invertible, there are no such. 

Now let ƒ : q — > M be a 1-cocycle, in other words we have that for 
every Y,Z e fg: 

v(Y)f(Z)-v(Z)f(Y)-f([Y,Z)) = 0. 

Then taking Z = X, we get that for every Y e g, Y ^ X: 

(2.9) ƒ (F) = u(X)- 1 (u(Y)f(X) + f([X, Y})) . 
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Now we take m = u(X) l f(X) and show that dm = ƒ , in other words 
that is(Y)m = f(Y), for all Y e g. Now we note that for every Y e g: 

[v(xy\v(Y)) = -u(x)-^([x,Y)y(x)- 1 

The statement follows from the fact that v is a representation of g and 
that for two elements of an associative unital algebra a and b, with a 
a unit, we have: 

a~ [a, 6]a _1 = cr l (ab — 6a)a _1 = — [a _1 , b]. 

Now plugging it into (2.9) we get that: 

ƒ (F) = v{Y)m + zz(X)- 1 (/([^, ^]) - v([X, Y])mm) . 

Hence ƒ (F) = u(Y) if and only if f([X, Y]) = u([X, F])m.Replacing 
Y with [X, F] we get inductively that f(Y) = u(Y)m if and only if 
f(&d x (Y)) = v(&d k x {Y))m. Recalling that X is ad-nilpotent we get 
that the second statement is true trivially for k large enough. We 
conclude that ƒ is in fact a 1-coboundary. Since ƒ was an arbitrary 
1-cocycle we get that H 1 (g, M) = 0. □ 

To simplify notations we denote A(tt,X) = (i7r(X)®I- H +I v *®p(X)) 
and B(tt,X) = I v *®$*a(X). Note that combining Theorem 2.2.3 and 
the above proposition we get: 

Theorem 2.2.6. Assume that there exists an ad-nilpotent element X e 
Qc, such that Aiji^xy 1 exists. Then S(tt,X) is independent of the 
choice of X e gc- 

Next we prove the existence of the characteristic function under 
the above conditions in an alternative way using a generalized inter- 
twining equality for the Lie algebra vessels case (cf [ , Thm. 8.4.2] 
for the commutative case). 

Proposition 2.2.7. For every X,Y,Z e g, such that A(-k,Z)~ 1 is de- 
fined we have: 

U*(ir,X,Y)W{ir,Z)-C(ir,X,Y,Z)-D(ir,X,Y,Z) = U(tt,X,Y) + 
+ iB(7r, Y)*A(n, Z)- 1 (J v * <g> $*) U(ir, Z, X)- 
+ iB(7r, X)*A(tt, Z)- 1 (iy. ® $*) U(tt, Y, Z) 
Here we write: 

C(tt, X, Y, Z) = iB(n, X)*A(ir, Zy 1 A{iï, [Z, Y])A(n, Z)- 1 B{tï, Z)- 
- iB(ir, Y)*A(tt, Z)- x A{jt, [Z, X])A(tt, Zy l B(n, Z), 

D(tt, X, Y, Z) = iB(w, Y)*A(n, Zy x B{n, [Z, X])- 
- iB(n, X)*A(ir, Zy l B(<K, [Z, Y]). 
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Proof. We compute: 

U*(tt,X,Y)W(tt,Z) = 

= U*{7r,X,Y){I v *®I £ -i{I v *®<l>)A{7r,Z)- 1 B(n,Z)) = 
= U*{tt,X,Y,Z) -i{n{X)®a{Y)$)A{7i,Z)- 1 B{n,Z) + 
+ i(n(Y) <g> <t(X)$)A(tt, Z)- x B{>k, Z)+ 
+ (7 V * ® 7 ,(IA Y)$)A(ir, Z)- 1 B{it, Z). 
Now apply (1.6) and get: 

E/,(7r,X,y)W(7r,Z) = 

= C(tt, X, Y, Z) - B(ir, Y)*A(tt, X)A(tt, Z)- 1 B(n, Z)+ 

+ B(n, X)*A(n, Y)A(ir, Z)~ x B{k, Z). 
Now apply Lemma ?? to U*(n, X, Y)W(ir, Z) - C(tt, X, Y, Z) and get: 
U^7r,X,Y)W{7r,Z) -C(ti,X,Y,Z) = 

= U * ("7T, X, F, Z) - S(tt, F)*A(7r, Z)-U(7T, X)5(tt, Z) + 

+ B(tt, X)M(tt, Z) _1 A(7r, K)-B(tt, Z). 
Now for the right hand side. Note that from Lemma 2.2.2 we have: 

B{tt, Y)*A(tt, Z)- 1 (I v * <g> $*) Z7(tt, Z, X) = 

= i\B(tt, F)M(tt, Z)- 1 A(tt, Y)B(tt, Z)- 

- iB(n,Y)*B(n,X) - B(n,Y)*A(TT,Z)- l B(TT, [Z,X]). 
Similarly: 

B(n, X)*A(ir, Z)- 1 (7 V * ® $*) [/(tt, F, Z) = 
= iB(n, X)*B(tt, Y) - iB(n, X)*A(n, Z)- 1 A{n, Y)B(n, Z)- 
-B(iï,XYA{tt,Z)- 1 B{'k 1 [Y 1 Z}). 
Now summing the two and applying (1.7) we get: 

B(ir, Y)*A(ir, Z)- 1 (I v * <g> $*) C/(tt, Z, X)+ 

+ S(tt, X)M(tt, Z)- 1 (J v * <8> $*) Z7(tt, F, Z) = 
= iB(7r, F)M(tt, Z)- l A(ir, Y)B(n, Z)- 
- iB(n, X)*A(n, Z)" 1 A(tt, Y)B(tt, Z) + 
+ I v . <g) 7*(X AY)- J v . <g> 7(X A F) + 
+ J B(7T,X)M(7r,Z)- 1 J B(7r, [Y,Z])- 
- J B(7r,r)M(7r,Z)- 1 J B(7r,[Z,X]). 



Hence the right hand side becomes: 

RHS = U*(tt,X,Y) - B(ji 1 YYA(ii,Zy 1 A(ii,Y)B(ii,Z)- 

- iB(n, X)*A(n, Z)- 1 A{n, Y)B(n, Z) + 
+ B(n, X)*A{ir, Z)-M(tt, Y)B(n, Z) + 
+ iB(tt, X)*A(ir, Z)- 1 B(k, [Y, Z\)- 

- iB(n, Y)*A(n, Z)- l B{n, [Z, X}) = 
= U*(ir,X,Y)-C{ir,X,Y,Z) + 

+ iB(ir, X)*A(ir, Z)- 1 B(n, [Y, Z\)- 

- iB(ir, Y)*A(ir, Z)- l B(n, [Z, X]) = 

= U*(tt,X,Y) -C{tt,X,Y,Z) -D{tt,X,Y,Z). 

This completes the proof. □ 

We have the following result for the kernei of the operator C (tv, X, Y, Z)+ 
D(n,X,Y,Z): 

Lemma 2.2.8. Assume that there exists an ad-nilpotent Zeg, such 
that A(tt, Z) is invertible. Thenfor every X, Yg, we have that: 

S(tt) C Ker (C(tt, X, Y, Z) + D(tt, X, Y, Z)) 

Proof. Piek an arbitrary u G S{ji) and write: 

x = A{tt, Z)-\I v , <g> $V(Z))u. 

By Proposition 2.2.6 we know that for every X e g, we have: 

A(tt,X)x = B(tv,X)u. 

Hence: 

C(tt, X, Y, Z)u = iB(ir, X)*A(tt, Zy 1 A(-n, [Z, K])x- 
-iB(n, Y)*A(n, Zy 1 A{n, [Z, X])x = 
= iB{n, X)*A(tt, Z)- x B{tx, [Z, Y])u- 
- iB(n, Y)*A(n, Zy 1 B{-n, [Z, X])u = 
= -D(n,X,Y,Z)u. 

□ 

The intertwining equality and the above lemma allow us to prove 
the following theorem: 

Theorem 2.2.9. Assume that there exists an ad-niplotent Zeg, such 
that A(ir,Z) is invertible. Then the complete characteristic function of 
the vessel maps £(n) into £*(ir). 

28 



Proof. We fix u e S{ji), apply W(n,Z), for any Zeg, such that 
W(tt,Z) is defined and apply (Iv*®&*)U*(n,X,Y) to itfor any X, Y e 
g, then by the intertwining equality and the fact that u e £(7r), we 
get: 

(I v .®Q*)U,(ir,X,Y)W('ir,Z)u = 

= (7 V . ® $*)(C(7r,X,y,Z)u + J D(7r,X,F,Z))u. 

Hence by Lemma 2.2.8 we have: 

Z7,(7r,X,y)W(7r,Z)u = 0. 

Since it is true for any X, Y e g, we have that W(ir, Z)u e £*(tt). □ 

One can also formulate the inverse problem in the general case, 
similarly to [23, Sec. 10.1]. Given a Lie algebra g, its simply con- 
nected Lie group <5, a finite dimensional space £, a, 7 and a collec- 
tion, S, of unitary representations of 05, can one construct a represen- 
tation, p, of g, such that S are precisely those representations inside 
the Taylor joint spectrum of p? What are the conditions S should 
satisfy? 

2.3. One Parameter Subgroups. We consider now one parameter 
subgroups of our group (5. A one parameter subgroup is by definition 
a Lie group homomorphism 0: R — >• 0. We will restrict our system to 
those subgroups. To do this we consider all of our functions restricted 
to the image 4>(M), with the Lie algebra d<f>(M.). Since the Lie algebra 
is generated by a single element j- t , we obtain that the image is gen- 
erated by an element of the form d0(4). We denote this element by 
X^. In fact the one parameter subgroup is given via: 

0(t) = exp(tX ). 

Here exp : g — > (5 is the exponential map. 

Restricting p and a to this Lie algebra we denote = p(X^) and 
00 = a(X ( p). Since the algebra is one dimensional the restriction of 
7 and 7* are in fact the zero functions. Therefore we obtain that the 
vessel conditions collapse into the following condition: 

(2.10) -(^-a;) = $V0$. 

This condition is exactly the condition [ , 1-1] of a one dimen- 
sional operator vessel. Now for the system equations. Plugging in the 
above definitions we obtain that the restricted system equations are: 

iX^x o (p(t) + A^x o (p(t) = $*00M o (pit), 

y o <fi(t) = u o cj)(t) — iQx o (j>(t). 
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In fact we can consider this system of equations as the usual operator 
colliga tion on IR, see for example [ ,1-6,7]. 

Having obtained this system, we look at it's joint and complete 
transfer functions. The vessels joint transfer function is given by ( 
[30,2-1]): 

S(X) = Ie-t^(A^-XI n )- 1 ^*a^. 

In this section we will restrict ourselves to unitary representations of 
0. 

One can consider the restriction of any Lie group representation of 
<5 to our one parameter subgroup. In general such a restriction will 
be highly reducible since the subgroup is abelian, and therefore by 
Schur's lemma admits only one-dimensional irreducible representa- 
tions. Now by [12, Thm. 7.36] tt o admits a decomposition as a 
direct integral of irreducible representations of fj: 



(2.12) tto0= / n x dv{X). 

Jr 

Here each 7r A is a multiplicative functional on $j and the measure u is 
a scalar measure corresponding to the direct integral decomposition. 
We now compute -k\(X^). We can write n\[h) = e ïA * ( h \ Hence if we 
differentiate tt\ then we will obtain: 

dnx = iXdcfi -1 . 

Hence 7r A (JQ,)s = dTi\(X^)s = iXs for an arbitrary s e E. 

Assume that the formula of £(71-) is independent of the choice X e 
q, then we can write down: 

S(ir) = I v * ®I S - i(I v * <g> $)(m(X <g> I n + I v * ® ^) -1 (Iy. <g) $V^). 

We plug in the result (2.12) and the formula for dnx(X^) and use [10, 
Prop. 11.23] and [ , Prop. /ƒ.2.8] to obtain: 

S(n)= I £ dv{X)-i{ $di/(A))(- / XI H dv(X)+ A^{\))~ 1 X 




x ( / $V^tfe/(A)) = / (I e - i${At - XI n )- l $*a^dv(X) = 
Jr Jr 

S(X)du(X). 
In fact we have prove d that: 
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Theorem 2.3.1. If the definition of the joint characteristic function is 
independent of the choice of X e g, thenfor every one parameter sub- 
group of (5 we have that: 



S(n)= I S(X) ® du(X)\ e ^y 

or in other words: 



S(n)= / dE { \) ® S(\)ew. 

J — oo 

Where dE\ is a H^-projection valued measure. 

Proof. The first equation was proved in the discussion above. Now 
we prove the second form. Note that in fact ^(exp^X^)) is a strongly 
continuous one-parameter group of unitary operators, by Stone's the- 
orem (see for example [ , Eq. 73.1]) we have that, there exists an 
"HTr-projection valued measure on IR such that: 

/oo 
e iXt du(\). 
-oo 

Now furthermore by Stone's theorem there exists an infinitesimal self- 
adjoint generator A for this group. In other words: 

7r(exp(^)) = e üA 

Now by [32, Rem. 3.36] we have that: 

Tr(X^) = -| t=0 (7r(exp(^))) = -\ t=0 J e lXt dE x = J i\dE x 

Now we plug it into the equation for S(n) to obtain the desired result. 

□ 

This proposition in fact gives a representation of the joint transfer 
function of a vessel in terms of the "diagonalization"' of the operator 
tt(X) for a fixed Ie j. 

2.4. PlanchereFs Theorem. Throughout this section we will assume 
that (5 is type-/. To simplify the formulas we will also assume that (5 
is unimodular and dim£ < oo. All of the computations in this section 
are formal and are only intended to provide additional motivation. 

In system theory one can pass to the frequency domain of a given 
linear system in several ways. One of those ways is by considering 
special wave trajectories. This approach was discussed above. The 
other way is to apply the Fourier transform. We will provide a for- 
mal version of that approach in the current section. This will give 
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additional motivation to the use of unitary representations in the fol- 
lowing sections. 

Let u G C£°(G5) and n a unitary representation of (5. Then we 
define: 



Je 

Here /i is the Haar measure on (S. This is the Fourier transform of u 
and it is an operator H^. 

Now if u e C^°((Ö, 8), we can define: 



That defines an operator ïï(ir) : 7i n — > T-L n ®£, we can take any tensor 
product since by our assumption £ is nuclear. Furthermore by the 
discussion in [33, Sec. 4.4.1] we know that H^,^ is invariant under 
the action of u(n). Same argument using [33, Prop. A2.4.1] shows 
that in fact V will be invariant under u(ty). Note that since n is unitary, 
we can extend the definition to V* (for some reason) . 

The inverse Fourier transform is given by (see [12, Thm. 7.44]) 



Here /i is the Plancherel measure and the tracé is the per-coordinate 
tracé, which is defined almost everywhere. Now plugging this expres- 
sion into the input compatibility conditions and computing formally 
we get: 



a{Y)Xu - a(X)Yu + ij(X A Y)u = a(Y)X / tr(7r(#) <g> u(7r))d£(7r)- 



+ i(I v *®j(X AY))ÏÏ)))dj2(ir) 

Hence if U (tt, X, Y)ïï(ir) = /2-almost everywhere then u satisfies the 
input compatibility conditions. We can carry out the same considera- 
tions for the output compatibility equations. Now writing formally: 







(2.13) 



W{ir, X) = I H ^®h-i {I Uv ® <£>) x 

x (in(X) ® I H + I H „ ® p(X))- 1 {I H „ ® $V(X)) 
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and going through the formal computations of the proof of Theorem 
2.2.7 we get that multiplication by W(tt, Z) maps the operator u(tt) G 

ker U(tt, X, Y) to an operator in ker V(n, X, Y). 

3. Example: The ax+b Group 

3.1. Frequency Domain for the ax + b Group. Let q be the two 

dimensional Lie algebra, spanned as a vector space by X% and X 2 , 
with the bracket satisfying [Xi, X 2 ] = X 2 . we fix, as in Example 1.1.3, 
a Jordan-Holder basis for our Lie algebra. 

Let the group <5 be the group described in 1.2.3. It is easy to see 
that (5 is an exponentially solvable Lie group. In those coordinates 

d ~ d 

the left invariant vector fields on (5 are X 1 = a— and X 2 = a—. We 

da ob 

will use the basis-dependent form of the vessel conditions and system 
equations in the future. 

Following [ , Ex. 5.4.2.1] we note that there are, up to unitary 
equivalence, two infinite dimensional unitary irreducible representa- 
tions of <5, 7r + and 7r_, on H n+ = L 2 ((0, oo)) and U n _ = L 2 ((-oo, 0)), 
respectively. Both are given by: 

(7r(a, &)ƒ)(*) = Va~e 2mbt f(at). 

Here tt is either tt + or 7r_ and t > or t < 0, respectively. Fix tt = tt + , 
similar considerations apply to 7r_ . One can check that the represen- 
tation of g on H^ + -oo is: 

7T (X 1 )= 1 -I+^- t , 7t(X 2 ) = M 2mt 

By [16, Sec. 7] the smooth vectors of ir are precisely the smooth func- 
tions in ƒ e L 2 ((0, oo)), such that for every pair of positive integers 
m, n, we have t m ƒ W G L 2 ((0,cx))). In particular C~((0, oo)) C H^ +>00 . 

Proposition 3.1.1. The inclusion C£°((0,oo)) > H n+)00 is continu- 
ous and the image is dense, hence in particular one has that H' n+ ^ C 
ö'((0,oo)). 

Proof. Since C^°((0, oo)) is an LF-space, by [27, Prop. 13.1] it suffices 
to show that for each compact K c (0, oo), the inclusion map of 
Ck ((0, oo)), i.e. smooth function with support in K, is continuous. 
The topology on CV((0, oo)) is generated by the following family of 
seminorms: 

d n f 

Pn(f) = SUp |— — (»|. 
x&K ai 
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The topology on - H 7r+i00 is genera ted by a family of seminorms: 

q x (f) = \\«{X)f\\v, 

for X a monomial in U(g). 

By [ , Prop. 7.7] the inclusion is continuous if for every q x there 
exists a continuous seminorm, p, on CV((0,oo)), such that qx{f) < 
P(f)- 

For every ƒ G C k ((0, oo)) we have that: 

q x (f) = MX)f\\ L2 < »{K) sup \(n(X)f)(x)\. 

x&K 

Here /u(fT) is the Lebesgue measure of K (which is finite, since K is 
compact). Now note that: 

n(X)f = J2^PM% 

3=0 

Where Pj are polynomials and aj are some complex coefficients. Since 
every polynomial is bounded on K, we get that: 

m óp f m ÓP f 

qxU) < M*Ü sup | "j'^Jj <^ K )Y, M i sup l^jl- 

However the last expression defines a continuous seminorm on Ck((0, o 
Therefore the inclusion is continuous. 

The fact that the compactly supported smooth functions are dense 
is clear. □ 

We set V = Cc°((0, oo)), hence V* is the space of anti-linear distri- 
butions on (0, oo). In particular bothV and V* are nuclear. 

Assume from now on that dim£ < oo. Let x G C£°((0, oo),H) and 
u ,y GC c oo ((0,oo),£). 

The frequency domain system of equations takes the form: 

i d \ 
-I + it- + A 1 )x = $ViUo, 

(A 2 - 2nt) x = $V 2 u , 
y = u - z$x . 

The following differential equation on (0, oo) is the input compatibil- 
ity condition for our vessel: 

(3.1) Qcr 2 + ~ 2vritcri + u = 0. 
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Similarly the output compatibility condition is: 

(3.2) Qer 2 + t(J 2^ - 2nitoi + i^^j y = 0. 

Furthermore we have that: 

Proposition 3.1.2. The operator A 2 is quasinilpotent. 

Proof. Consider D = ad A2 acting on C(H). This is a derivation. Fur- 
thermore D 2 A 1 = 0. By the Kleinecke-Shirokov theorem [5, Thm. 
17.1], we get that DA ± is quasinilpotent. However, DAi = —A 2 and 
we are done. □ 

Corollary 3.1.3. The operator T = M 27TÜ <g) I n — ^c°°((o,oo)) ® M is 
invertible. 

Proof. Since A 2 is quasinilpotent its spectrum is only the point in C, 
hence the resolvent for every z <E C\ {0} is invertible. Now our oper- 
ator acts on the space C£°((0, oo), H). Let ƒ be such a function, define 
g{t) = (2iritl — A 2 Y 1 f{t). It is clear that g is a smooth compactly 
supported function on (0, oo), with values in H. It is also obvious that 
Tg(t) = f(t) for every t E (0, oo). □ 

Now note that X 2 is ad-nilpotent. Hence by Proposition 2.2.6 and 
Theorem 2.2.9 we know that the system's joint characteristic function 
is well defined and is given by the expression: 

S(tt) =I E -i<& (A 2 - 2-Kty 1 $V 2 . 

Here n is either tt + or 7r_ and we identify the space V*®£ with a 
space of £-valued distributions on (0, oo). It is clear now how S acts 
on V*®£. 

3.2. Complexification. Note that in fact any solution of the input 
compatibility equation (3.1) admits an analytic continuation to some 
punctured disc around the origin. We can thus consider the complex 
differential equations: 

d \ 

za 2 - 2niza 1 + ir u = 0, 

dz J 

(3 - 3) ; „ \ 

z ° 2 d~z ~ ^ nizai + ir * ) yo = o. 

Here r and are the real parts of 7 and 7* respectively. Here we have 
used the vessel condition (1.9). 

Assume that a 2 is invertible. By [ , Thm. 4.2 .1], we get that the 
fundamental solution matrix of the equation has the form: ^(z) = 
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z p B(z), where B(z) is entire and P is some constant matrix. Clearly 
such a function is continuous on (0, oo) and hence locally integrable. 
It therefore defines a distribution on V. 

Theorem 3.2.1. Multiplication by thefollowing meromorphic operator- 
valued function, maps solutions ofthefirst equation to the second: 

S( z ) = I £ - i$ (A 2 - 2ttz)~ 1 $V 2 . 

Proof. Restricting the equations to the positive real axis, we know this 
from the general theory developed above. Now the result follows by 
analytic continuation. □ 

Remark 3.2.2. The above theorem can be proved via straightforward 
computations using Lemma 2.2.2 and the vessel conditions. 

One can also consider the complexification of the equations from 
the point of view of representation theory. Recall that ty + and 7r are 
obtained by inducing unitary characters of the one parameter sub- 
group exp(tX 2 ), which happens to be normal. This group is precisely 
the elements of the form The unitary characters then take the 

form e 2mst , for sel (for details see [ , Ch. 6.7.1]). Consider now 
taking a character of the form Xzif) = e 2mzt , for z e C Those are pre- 
cisely the generalized characters considered by Mackey in [ ] . We 
can thus identify the set of all those generalized characters with C. 
The group acts on the set of all characters via (a,b) ■ z = z/a. Hence 
the orbits of the action are rays argz = 6. Let tt z be the representa- 
tion induced from \z- Then tx z can be viewed as a representation on 
L 2 ((0,oo)) and: 

(n z (a,b)f)(t) = ^e 2mzbt f(at). 

V CL 

We identify the L 2 ((0, oo)) with L 2 (axgz = 6). 

If z,z are in the same orbit, the induced representations are equiva- 
lent, indeed note that if z = az for some a > 0, then 7r z (a, 0) = 7r 5 (a, 0) 
and this operator intertwines tt z and tx z . Computing the representa- 
tion 7r 2 of the Lie algebra, we get the input compatibility equations: 

( d \ 

I ^°2~7~ — 2'ïïiztai + ir j u = 

Similarly at the output. 

Note that if u solves the input differential equation of (3.3), then 
it's restriction to the ray arg z = 6 solves the above differential equa- 
tion. On the other hand as we've stated above, the solutions can be 
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analytically continued to the punctured plane. This implies that those 
are precisely the solutions. 

When a 2 is invertible, the above equation is a singular ODE, with 
a singularity of first kind at 0. We denote by £ the space of solu- 
tions of the input equation and by the space of solutions of the 
output equation. Let $?(z) and ^!*{z) be the fundamental matrices of 
solutions for the input and output differential equations, respectively. 
By [9, Ch. 4.4] both of these matrices are multivalued, hence we have 
that: 

m(ze 2m ) = V(z)M and ^*(ze 2wi = #.(z)M„. 

Here M and M* are the representation of the monodromy operator 
in the basis described by ty(z) and *&*(z) for £ and £*. Let S : £ — > £* 
be the map between the spaces of solutions, given by multiplication 
by S(z). Applying S to the columns of ^f(z), we get the following 
expression: 

Now since S(z) is single-valued, if we apply the monodromy operator 
in the output, we'11 get that: 

S{ze 2ni )V{ze 2m ) = S{z)^{z)M = V*(z)CM. 

On the other hand: 

#*(ze 27ri )C = **{z)M*C. 

Hence we have that CM = M*C. In other words we have proved 
that: 

Proposition 3.2.3. The mapping S intertwines the monodromy opera- 
tors. 

Remark 3.2.4. Note that a linear map between solution spaces of 
those differential equations, that intertwines the monodromy p [erators, 
is always given by multiplication by a single-valued analytic matrix. 
Given such a map S, one chooses fundamental matrices ^(z) and 
ty*(z). Write [S] for the matrix representing S with respect to the 
choice of basis. Then multiplication by the following matrix coincides 
with S: 

Since S intertwines the monodromy operators it is immediate that 
S(z) is single-valued. 

Note that the operator-valued function S(z) is precisely the classic 
characteristic function of A 2 (cf. [8]). From this fact and Theorem 
1.4.8 we get the following theorem: 
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Theorem 3.2.5. Assume that <t 2 is invertible. Then every two ax + b- 
vessels with the same external data and the same joint characteristic 
function are unitarily equivalent. 

The following lemma is needed to prove the main result of this 
section. 

Lemma 3.2.6. Let s (z), . . . , s m (z) befunctions analytic and single val- 
ued in some punctured disc D(0, p) \ {0}. Assume that: 

m m 

(3.4) Y^QogzYsjiz) = (b g 

3=0 3=0 

Where n\ are integers and g (z),. . . ,g m (z) are functions analytic and 
single valued on D(0,p). Then we have Sj(z) = z™ 3 9j(z) has at most a 
pole at for every j — 0, . . . , m. 

Proof. We prove it by induction on m. For m = it is clear. Now from 
(3.4) we get that: 

m— 1 

(logz) m (s m (z) - z nm 9 m {z)) = ^(log^(z^) - 

3=0 

Substituting ze 2m and subtracting the above equality we get that: 

{s m {z) - z n ™g m (z)) [ m ){2^) k {\ogz) m - k = 

= E (È (l) (2«) fc (log^'- fe ) (z^ 9j (z) - Sj (z)) + (z no g (z) - s (z)). 
j=i \k=i ^ ' ) 

Note that the coëfficiënt of (logz)" 2-1 is 2irim(s m (z) — z Um g m (z)), so 
applying the induction hypothesis we get that s m (z) = z nm g m (z). 
Hence we can use the induction hypothesis again to deduce the lemma. 

□ 

Theorem 3.2.7. Assume that the vessel is irreducible and a 2 is invert- 
ible. Then dim H < oo. 

Proof. Note that by [9, Thm. 4.1] a fundamental solution matrix of 
the input compatibility equation, has the form ^(z) = B(z)z p , where 
B is analytic at 0. Similarly at the output we get a fundamental 
matrix ^*(z) = B*(z)z p *. Hence the matrix representing the mon- 
odromy operators with respect to ^(z) and is M = e 2mP and 

M* = e 27nP *. Now let C denote the matrix representing multiplica- 
tion by S(z). We've proved above that M* = CMC' 1 . Hence M and 

38 



M* have the same Jordan block structure. Additionally it implies that 
multiplication by S(z) maps generalized eigenspaces of M to gener- 
alized eigenspaces of M*. 

Assuming without loss of generality that both P and P* are in Jor- 
dan normal form, we see that multiplication by S(z) maps solutions 
of the form z x \og k (z) ƒ (z) to linear combinations of solutions of the 
form z x+n \og j (z)g(z), where n is an integer. 

Now we apply the lemma to get that S(z) has at most a pole at 
0. Indeed note that B(z) is matrix valued function, analytic at 0, 
such that B(0) is invertible. If S(z) had an essential singularity at 0, 
so would S(z)B(z), but then at least one entry would have had an 
essential singularity. However applying the lemma to each entry of 
the equality S(z)B(z)z p = B*(z)z p *C (using the fact that z x can be 
factored out) we get a contradiction. One must note that every entry 
of S(z)B(z) appears at least once since the diagonal of z p is non-zero 
and every equality is indeed of the form described in the lemma. 

Since S(z) is in fact the characteristic function of A 2 it is cr 2 -inner 
on the lower half-plane and analytic at infinity (in fact S(oo) = I). 
Therefore we apply [ , Thm. 2.16] to obtain that the minimal realiza- 
tion of S(z) has a finite-dimensional state space. By assumption the 
vessel is minimal and hence by uniqueness of the minimal realization 
(up to unitary equivalence), we get that dimH < oo. □ 

Remark 3.2.8. In fact the crucial part of the proof of [ , Thm. 2.16] is 
that the kernei K s (z,w) = ' rS( y is positive definite for a a 2 - 
inner function S (see for example [ , Ex. 2.5]). Hence the associated 
matrix is positive-definite by [2, Thm. 2.4] and using the colligation 
condition in conjunction with [ , Thm. 2.1] we obtain the minimal 
realization. 
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